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Exterior differential, Stokes Theorem

Exercice 1 (Warm-up). Compute dw, where w is the following n-form on R"*1:
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Exercice 2 (Angle form). Let « be the 1-form (z,y) —
f:(r,0) — (rcos(),rsin(d)) from R* x R to R?.

1. Compute da.

2. Is f*(a) a closed form? Is it exact?

3. Is a exact?
Hint: consider i*a where i : S' — R? is the canonical injection and prove that if i*a was
exact, then it would vanish somewhere on S!.

Exercice 3. Let w be a volume form on a manifold M. Prove that around any point of M
there exist local coordinates (z1,...,,) such that w = dz! A -+ A da™.

Exercice 4 (div, rot and all that kind of things). 1. Let (F,(-,-)) be an oriented Eucli-
dean space of dimension 3. Let X be a vector field on E, then (X ,-) defines a 1-form.
We define rot(X) as the only vector field such that rot(X).dV = d({X,-)) € Q*(E).
Compute the expression of rot(X) in a direct orthonormal basis of E.

2. Let M be a smooth manifold equipped with a volume form w. Let X be a vector field
on M, we define div(X) as the only function such that d(X iw) = div(X)w. Compute
the expression of div(X) in local coordinates such that w = dz! A --- A dz™.

3. Prove that div(X) = 0 if and only if the flow of X is volume preserving.
Exercice 5 (Stokes formula). 1. Let M be a compact oriented manifold without boundary
and let a € Q" 1(M), compute / do.
M
2. Is it possible for a volume form on M to be exact?

3. Is it possible on an oriented manifold without boundary that is not compact?



